Introduction
The purpose of this note is to study various measures of irrationality for hypersurfaces in projective spaces which were proposed recently by [4] , [1] . In particular, we answer the question raised by Bastianelli that if X ⊂ P n+1 is a very general smooth hypersurface of dimension n and degree d ≥ 2n + 2, then stab.irr(X) = uni.irr(X) = d − 1. As a corollary, we prove that irr(X × P m ) = irr(X) for any integer m ≥ 1.
There has been recent interest in studying measures of irrationality for algebraic varieties [4] , [1] . For example, given an irreducible projective variety X of dimension n, the degree of irrationality of X is defined as irr(X) := min {δ > 0 | ∃ degree δ rational covering X P n }.
Therefore irr(X) = 1 if and only if X is rational. It was established in [3] , [4] that if X ⊂ P n+1 is a very general smooth hypersurface of dimension n and degree d ≥ 2n + 1, then irr(X) = d − 1.
By analogy with notions of stable rationality and unirationality, Bastianelli [1] introduced two birational invariants measuring the failure of a projective variety to be stably rational or unirational:
uni.irr(X) := min { irr(T ) | ∃ a rational covering T X}. Thus stab.irr(X) = 1 ⇐⇒ X is stably rational, uni.irr(X) = 1 ⇐⇒ X is unirational, and in general one has the inequalities uni.irr(X) ≤ stab.irr(X) ≤ irr(X).
It was established by Bastianelli in [1] that if X is a very general surface of degree d ≥ 5, then stab.irr(X) = uni.irr(X) = d − 1, and Bastianelli also classified the exceptional cases. Here we extend the computation to hypersurfaces of all dimensions.
In fact we will consider more generally correspondences on P n × X. We consider the following birational invariant:
where π 1 is the first projection map from Γ to P n and Γ is any subvariety of P n × X that both dominates P n and X.
1
Our first results concern corr(X):
Theorem A. Let X ⊂ P n+1 be a very general smooth hypersurface of degree d ≥ 2n + 2.
Lopez and Pirola [5, Theorem 1.3] classified correspondences with null trace of minimum degree on smooth hypersurfaces in P 3 . Our results can be seen as a partial generalization to higher dimensions: if we restrict ourselves to null trace correspondences on P n × X, we can compute their minimal degree.
As in [1] , we notice that the study of uni.irr(X) is equivalent to the study of correspondences on P n × X. In particular, we will show that corr(X) = uni.irr(X) (cf. Lemma 3.2). From this we deduce our second result, which answers the question of [1] :
In particular, it follows that irr(X × P m ) = irr(X) for any integer m ≥ 1. Totaro [6] showed that a very general hypersurface X ⊂ P n+1 of degree d ≥ 2⌈(n + 2)/3⌉ is not stably rational. Therefore, one has stab.irr(X) > 1. It's interesting to ask further what is the stable irrationality of a degree d hypersurface in the range of 2⌈(n + 2)/3⌉ ≤ d ≤ 2n.
On the other hand, Bastianelli, Cortini, Flamini and Supino [2, Section 5.2] conjectured that
This means that even though it's very hard to determine whether rationally connected varieties are unirational (equivalently whether conn.gon(X) = 1 implies uni.irr(X) = 1), when d is large these two invariants should capture very different phenomena.
For the proof of Theorem A, we first show that if the degree of a correspondence is less or equal than d − 2, then one can find on X a relatively large subvariety with bounded covering gonality; this is impossible for very general hypersurface. The method is essentially the same as [4] but the difference is that we work directly on the correspondence instead of passing to the Grassmannian.
In §2 we discuss some properties of correspondences with null trace and §3 is devoted to the proof of the main theorems.
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Correspondences
In this section, we sketch some basic properties of correspondences following [3] .
Let X and Y be smooth irreducible complex projective varieties of dimension n. Recall that for any correspondence Γ ⊂ Y × X, one has Mumford's trace map (cf. [3] ):
In We will work with the following Set-Up 2.4. Denote by X ⊂ P n+1 a very general smooth hypersurface of degree d, and suppose given a correspondence Γ ⊂ P n × X of P n -degree m. We assume that
Corollary 2.5. Assume that we are in the situation of 2.4. For general y ∈ P n , define Z y as in the previous Theorem. Then we have
Proof. Notice that Γ has null trace to P n because H 0 (P n , K P n ) = {0}. Moreover the tuple (d, m) satisfies the condition m ≤ 2d − 2n − 3. Therefore Theorem 2.3 applies.
Proofs
In this section, we give the proof of main theorems in the introduction. We will establish Theorem A first.
We assume until the end of the proof of Theorem A that we are in the situation of 2.4. Notice that any rational covering X P n of degree δ gives rise to a correspondence of P n -degree δ on P n × X. Hence by [4, Theorem C] we have
Therefore it suffices to show that corr(X) ≥ d − 1 and we will prove by contradiction.
Since we are in the situation of 2.4, by Corollary 2.5 one has a classifying map:
Here U is the Zariski-open subset of P n where the fiber Z y = π −1 1 (y) consists of m distinct points. Note that U being open in P n is a rational variety itself. Another observation is that φ is a generically finite map onto its image because π 2 : Γ → X is generically finite. Now we have the following diagram:
is the evaluation map and W ′ = def φ * W is the pullback of W via the classifying map φ.
Proof of Claim. Notice that π ′ : W ′ → U is a P 1 -bundle and U is irreducible, W ′ must be irreducible. Since dim ψ(W ′ ) ≤ n + 1, it suffices to show that ψ is dominant. We prove this by contradiction. Suppose dim ψ(W ′ ) ≤ n. Since Γ → X is dominant and an open subset of Γ is contained in W ′ by Corollary 2.5, this would imply that X contains ψ(W ′ ) as an open subset. Therefore X is uniruled, but this is impossible since deg(X) is greater than n + 1.
Proof of Theorem A. Recall that we are in the situation of 2.4, where Γ ⊂ P n × X is a correspondence of P n -degree m ≤ d − 2. Define Γ ′ to be the restriction of Γ to U. By Corollary 2.5, Γ ′ is a divisor in W ′ of relative degree m over U. Let X ′ be the full pre-image of X in W ′ so that X ′ is a divisor in W ′ of relative degree d over U. We can write X ′ = Γ ′ + F, where F is a divisor of relative degree d − m ≥ 2 over U. Now fix any irreducible component R ⊂ F that dominates U and view R as a reduced irreducible variety of dimension n. Thus R sits in a diagram
and we have
and let s = dimS. Suppose first that s = 0, i.e. S consists of a single point p ∈ X. But this would imply deg(Γ → U) = d − 1, which contradicts with our assumption. Therefore we may assume that 1 ≤ s ≤ n − 1.
Note next that cov.gon(S) ≤ e. In fact, one can choose a rational subvariety L ⊂ U of dimension s with the property that an irreducible component R * ⊂ R of the inverse image of L in R is generically finite over S. Since deg(R * → L) ≤ e, and since L is rational, we see that cov.gon(R * ) ≤ e. Hence [4, lemma 1.9] applies to show that cov.gon(S) ≤ e.
Now denote by K W ′ /P = K W ′ /P n+1 the relative canonical bundle of ψ, and consider a general fiber l = l y of (W ′ → U). We assert: 
Hence we must have
Now recall that we assume s ≥ 1. Then it follows from the computations of Ein and Voisin [4, Proposition 3.8 ] that e ≥ con.gon(S) ≥ d − 2n + s.
One finds that
which is impossible since d ≥ 2n + 2.
It remains to prove (3.4). We consider the restriction of the tangent map T W ′ → ψ * T P to l ∼ = P 1 . By Euler sequence, one has
For T W ′ | l , we have the following exact sequence:
The first term is isomorphic to T l ∼ = O P 1 (2), and the third term is isomorphic to O ⊕n P 1 . Notice that this exact sequence of vector bundles splits because
Hence we have
. Therefore the restriction of tangent map to l ∼ = P 1 becomes then
whose degeneracy locus is thus given by a linear form of degree n on P 1 . Since a general fiber doesn't lie in the ramification locus, we must have
1 Notice that even though we are working on an open variety, this intersection product still makes sense because we are intersecting a divisor with the fiber of a proper map. 2 Bastianelli pointed out to me that it is possible to avoid this assertion by passing to the Grassmannian and argue as in [4] . Now we turn to the proof of Theorem B. We first establish a lemma connecting corr(X) and uni.irr(X).
Lemma 3.2. Let X be an irreducible smooth projective variety, then uni.irr(X) = corr(X).
Sketch of Proof. Let T be a smooth n-dimensional variety with two dominant rational maps f : T P n , g : T X. By considering the closure of the graph of f and g, we see that T maps onto a correspondence Γ ⊂ P n ×X and deg(f ) is a multiple of deg(Γ → P n ). Hence uni.irr(X) ≥ corr(X). The other inequality is obvious. 
